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ABSTRACT

The sea ice cover displays various dynamical characteristics such as breakup , rafting , and ridging under external

forces. To model the ice dynamic process accurately , the effective numerical modeling method should be established. In

this paper , a modified particle2in2cell ( PIC) method for sea ice dynamics is developed coupling the finite difference
(FD) method and smoothed particle hydrodynamics (SPH) . In this method , the ice cover is first discretized into a series

of Lagrangian ice particles which have their own sizes , thicknesses , concentrations and velocities. The ice thickness and

concentration at Eulerian grid positions are obtained by interpolation with the Gaussian function from their surrounding ice

particles. The momentum of ice cover is solved with FD approach to obtain the Eulerian cell velocity , which is used to

estimate the ice particle velocity with the Gaussian function also. The thickness and concentration of ice particles are ad2
justed with particle mass density and smooth length , which are adjusted with the redistribution of ice particles. With the

above modified PIC method , numerical simulations for ice motion in an idealized rectangular basin and the ice dynamics

in the Bohai Sea are carried out. These simulations show that this modified PIC method is applicable to sea ice dynamics

simulation.
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1. Introduction

Under natural conditions , the sea ice is a mixture of rafted and ridged ice , level ice and open wa2
ter , and displays various dynamic properties. A series of numerical methods have been developed to

simulate the sea ice dynamical process under different scales. Normally , the ice cover is treated as a

two dimensional rheological flow , and the Eulerian finite difference (FD) method is applied widely to

the polar zone at large scale , and the sub2polar area at meso2scale (Hibler , 1979 ; Lepparante and Hi2
bler , 1985 ; Lu et al . , 1989 ; Zhang and Hibler , 1997 ; Wu et al . , 1998) . In the solving of advec2
tion in the continuity equation by the FD method , the numerical diffusion gives poor prediction of ice2
edge position (Huang and Savage , 1998) . Some researchers developed other Lagrangian methods to

overcome the numerical diffusion problem (Shen et al . , 2000 ; Tremblay and Mysak , 1997 ; Overland

et al . , 1998 ; Wang and Ikeda , 2004) .

The Discrete Element Model (DEM) was adopted for sea ice dynamics under Lagrangian coordi2
nate at different scales (Shen et al . , 1987 ; Dai et al . , 2004 ; Hopkins , 1996 ; Hopkins et al . ,
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2004) . The DEM is a good approach to the study of the mechanisms of ice floe interaction , ice2wave

interaction , ice rafting and ridging , but it has not been used for general ice forecasting and long term

simulation for its low computational efficiency. As another Lagrangian approach to sea ice dynamics ,

the Smoothed Particle Hydrodynamics (SPH) was also applied successfully in the river/ sea ice dynam2
ics ( Gutfraind and Savage , 1997a , 1997b ; Shen et al . , 2000 ; Lindsay and Stern , 2004) . The SPH

method can simulate the ice edge accurately , avoiding the numerical diffusion problem. Meanwhile ,

the huge interpolating calculation among particles , especially in the determination of ice strain rate ,

stress and internal ice force , is very costly. Thus , the computational efficiency of SPH method should

be improved for sea ice forecasting and simulation.

The particle2in2cell (PIC) method is a suitable one with a coupling of Eulerian and Lagrangian

coordinates. Flato (1993) firstly introduced the PIC method into the sea ice dynamics for the polar

zone , and it was found that the PIC method had an obvious advantage in determining the accurate ice

edge position. In the PIC method for sea ice simulation , a bi2linear function was adopted to interpolate

the ice variables between ice particles and grid nodes. In the previous PIC method , the ice particle did

not have concentration , and its area was a feedback variable of the grid concentration , which was ad2
justed with the critical concentration condition ( A ≤1. 0) at grid node (Flato , 1993) . Moreover , the

concentration of grid node could also be solved with its continuity equation , while the numerical diffu2
sion still appeared in the solution of the continuity equation with the FD method ( Huang and Savage ,

1998) .

In this paper , the PIC method is modified with flexible particles and a Gaussian interpolating

function based on the SPH theory. The Gaussian function has smoother continuity and higher precision

than the bi2linear function. The ice concentration and thickness of ice particle can be determined with

its mass density and smooth length in ice motion. In this modified PIC method , the ice velocity at grid

node is determined by solving the momentum equation with FD method. It is faster than the SPH

method which has complex iterations in solving strain rate , stress and internal ice force. With this

modified PIC method , the ice ridging process in a rectangular zone , and the ice dynamic process in the

Bohai Sea are tested. In the two numerical tests , the simulated ice results are in good agreement with

the analytical solution and observed data for the Bohai Sea.

2. Basic Equations of Sea Ice Dynamics

2. 1 　Momentum Equation

The momentum equation for the motion of the ice field is governed by ice interactions , wind and

water forces , the Coriolis force , and ocean tilt effect , and can be written as :

M
d V
d t

= - Mf K ×V + τa +τw - Mg ξ̈w + ¨ ( hσ) (1)

where , M is the ice mass per unit area , and M =ρi h , the mean ice thickness h = Nhi ,ρi being the

ice density , hi being the ice thickness , N being the ice concentration ; V is the ice velocity vector ; f

is the Coriolis parameter ; K is a unit vector normal to ice surface ; τa and τw are the air and water
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stresses , and hereτa =ρa Ca Vai Vai , andτw =ρw Cw Vwi Vwi , in whichρa andρw are the den2

sities of air and current , Ca and Cw are the drag coefficients of wind and current , and Vai and Vwi are

the relative wind and current velocity vectors ; g is the acceleration of gravity ; ξw is the ice surface

height ; σ is the ice stress vector.

2. 2 　Viscous2Plastic Constitutive Model

In the simulation of sea ice dynamics , the ice cover is normally treated as a 2D continuous medi2
um , and the viscous2plastic (VP) constitutive model with elliptical yield curve law is applied most

widely (Hibler , 1979) . This VP law can be expressed as :

σij = 2ηÛεij + (ζ - η) Ûεkkδij - Pδij/ 2 (2)

where σij and Ûεij are the 2D stress and strain rate tensor ; P is the ice pressure ; δij is the Kronecker

operator ;ζand ηare the nonlinear bulk and shear viscosities , and can be determined as :

ζ = ζ( Ûεij , P) = min ( P/ 2Δ,ζ0) , (3)

η = ζ/ e2 , (4)

in whichΔ= Ûε2
1 + Ûε2

11/ e2 , and here Ûε1 = Ûε11 + Ûε22 and Ûεn = ( Ûε11 - Ûε22) 2 + 4Ûε2
12 ; e is the eccen2

tricity of the elliptical yield curve. Based on Eqs. (3) and (4) , we haveζ=ζ0 andη=ζ0/ e2 when

the ice cover has a small shear rate ( P/ 2Δ>ζ0) . Under this condition , the ice cover exhibits linear

viscous rehological charactertics. When the ice cover has a large shear rate ( P/ 2Δ <ζ0) , the ice

principal stresses lie on the ellipitical yield curve , and the ice cover displays plastic rehology.

The pressure term is calculated by (Shen et al . , 1990)

P = tan2 π
4

±
φ
2

1 -
ρi

ρw

ρi ghi

2
N

Nmax

j

(5)

where φ is the internal friction angle of surface ice , Nmax is the maximum possible ice concentration ,

and j is an empirical constant set to 15 normally. The ”+ ”and ”- ”signs are for passive and active

states of ice flow.

3. Modified PIC Method for Sea Ice Dynamics

In this modified PIC method , the ice cover is discretized into a series of ice particles , which have

their own locations , velocities , thicknesses , concentrations and sizes. With the Gaussian kernel func2
tion , the ice information at a grid node can be interpolated from their surrounding ice particles. The

ice velocity at a grid node is solved with FD method , and used to determine the ice particle velocity.

With re2distribution of ice particles in the Lagrangian system , the mass density of ice particles will be

adjusted to determine the particle thickness and the concentration of the ice particles.

3. 1 　Ice Thickness and Concentration at Eulerian Grid Node

The sea ice thickness and concentration at the Eulerian grid nodes can be interpolated with the

Gaussian kernel function from their neighboring sea ice particles. Based on the SPH theory (Shen et

al , 2000) , a field variable f at position r can be expressed as :
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�f ( r) = ∑
N

k =1

mk

Mk
f ( rk) W ( r - rk , h0) , (6)

where r is the position vector for estimating variable f , rk is the position vector of ice particle k , Mk

and mk are mass density and mass of particle k , and h0 is the smooth length , which determines the

range of influence of the interpolation kernel . In this study , the Gaussian kernel foundation is adopt2
ed , which has good continuity and precision as the interpolating function. The spatial distribution of

the 2D Gaussian kernel function is plotted in Fig. 1 , and can be written as :

W ( r - rk , h0) =
1

πh
2
0

exp -
( r - rk) 2

h2
0

. (7)

　　Based on Eq. (6) , the ice thickness and concentration at grid node Xi , j can be determined from

its neighboring ice particles by

�h i ( Xi , j) = ∑
N

k = 1

mk

Mk
W ( Xi , j - rk , h0) hi ( rk) , (8)

�N i ( Xi , j) = ∑
N

k = 1

mk

Mk
W ( Xi , j - rk , h0) N ( rk) , (9)

where Xi , j is the position vector of the grid node ; hi ( rk) and N ( rk) are the thickness and concentra2
tion of ice particle k ; �h i ( Xi , j) and �N ( Xi , j) are the estimated thickness and concentration at grid

node Xi , j .

Fig. 1. Sketch of spatial distribution

of 2D Gaussian function.

3. 2 　Sea Ice Velocity at Eulerian Grid Node

The ice velocity at a grid node can be calculated from the sea ice momentum equation with Eulerian

FD method. The components in x and y directions of the sea ice momentum equation can be written as :

5 U
5 t

+ U
5 U
5 x

+ V
5 U
5 y

= fV - g
5ξw

5 x
+ (τa x +τwx + Fx) / M

5V
5 t

+ U
5V
5 x

+ V
5V
5 y

= - fU - g
5ξw

5 y
+ (τa y +τwy + Fy) / M

(10)

where , U and V are ice velocities in x and y directions ; τa x andτa y , τwx and τwy are the compo2
nents of air and water drag stress ; Fx and Fy are internal ice force components , which can be deter2
mined by

Fx =
5

5 x
(σxxh) +

5
5 y

(σxyh) , 　Fy =
5

5 y
(σyyh) +

5
5 x

(σyxh) , (11)
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in which ,σxx , σyy , σxy andσyx are the ice stress components. Based on the viscous plastic constitutive

model of Hibler (1979) , the sea ice stresses can be written as :

σxx = ηÛεxx +ζÛεxx +ζÛεyy - ηÛεyy -
P
2

σyy = ηÛεyy +ζÛεxx +ζÛεyy - ηÛεxx -
P
2

σxy = σyx = 2ηÛεxy

(12)

where , Ûεxx , Ûεxy and Ûεyy are strain rate components.

In the present study , the FD method has a spatial central difference scheme with a staggered grid

and a three level time difference scheme (Fig. 2) . In the first half time step from nΔt →( n + 1/ 2)

Δt , the velocity component in x direction , U
n + 1/ 2
i + 1/ 2 , j , is solved with an implicit scheme , and the ve2

locity component in y direction , V
n + 1/ 2
i , j + 1/ 2 , is solved with an explicit scheme. In the second half time

step from ( n + 1/ 2)Δt →( n + 1)Δt , the velocities , V
n + 1
i , j + 1/ 2 and U

n + 1
i + 1/ 2 , j , are solved with implicit

and explicit schemes in y and x directions , respectively.

“+ ”for M , A , h , H , and P ;

“°”for ζ, η, andσij ;

“ - ”for Ua , Uw , and U ;

“| ”for V a , Vw , and V .

Ua and Uw , V a and Vw are the wind and current ve2

locities in x and y directions , respectively.

Fig. 2. Coordinate of difference cell for sea ice momentum equation.

3. 3 　Velocity and Position of Sea Ice Particle

With the ice velocity ( Ui + 1/ 2 , j , V i , j + 1/ 2) at a grid node solved with FD method at time t
n

or

t
n + 1/ 2

, the velocity vector of ice particle k , V ( rk ( t
n) ) or ( U ( rk) , V ( rk) ) can be estimated from

the velocities at its neighboring grid nodes , and can be written as :

�U ( rk) = ∑
i
∑

j

mi , j

Mi , j
W ( Xi , j - rk , h0) Ui +1/ 2 , j (13)

�V ( rk) = ∑
i
∑

j

mi , j

Mi , j
W ( Xi , j - rk , h0) V i , j +1/ 2 (14)

where , �U ( rk) and �V ( rk) are the velocity components in x and y directions of ice particle k , respec2
tively ; Ui + 1/ 2 , j and V i , j + 1/ 2 are the sea ice velocity components at the grid node ; mi , j and Mi , j are

the mass and mass density of grid ; h0 is the smooth length. Here we have h0 =
1
2

(Δx +Δy) ,Δx and

Δy being the grid size in x and y directions , respectively.
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The velocity vector of sea ice particle k at time t
n + 1/ 2

or t
n + 1

can be determined with Eqs. (13)

and (14) . If its location vector at time t
n

is rk ( t
n) , then its position vector rk ( t

n + 1/ 2) at time t
n + 1/ 2

can be calculated with

rk ( t
n+1/ 2) = rk ( t

n) +
Δt
2

�V ( rk ( t
n) ) , (15)

whereΔt is the time step .

3. 4 　Thickness and Concentration of Sea Ice Particles

In a previous PIC study for sea ice dynamics , Flato (1993) interpolated the ice thickness and

concentration at grid nodes from the volume and area of ice particles. And the ice particle area was ad2
justed based on the feedback of the estimated concentration in cells with the critical condition Nmax =

1. 0. Huang and Savage (1998) determined the physical ice thickness in cells with its continuity equa2
tion by FD method , then determined the mean ice thickness in cells with interpolation from ice particle

thicknesses. The ice concentration at the cell centers was evaluated with N = h/ hp . In the present

study , the mass density and smooth length of ice particles are introduced for the calculation of thick2
ness and concentration of particles. Then , the thickness and concentration in cells can be interpolated

from the thickness and concentration of particles.

If the ice particle k has position vector rk , its mass density can be estimated from its neighboring

particles ,

�M ( rk) = ∑
N

j =1
mjW ( rk - rj , h0) . (16)

　　The smooth length h0 has a close relationship with mass density. If the initial smooth length is

h
(0)
0 , its smooth length at n2th time step can be determined with

h
( n)
0 = h

(0)
0

M
(0)

M
( n)

1
2

(17)

where h
(0)
0 and h

( n)
0 are the initial smooth length and the smooth length at time step n ; M

(0)
and

M
( n)

are the initial mass density and the mass density at time step n .

The mass density of particle k can also be written as �M ( rk) =ρi N ( rk) hi ( rk) , and its concen2
tration can be determined by

N ( rk) =
�M ( rk)

ρi hi ( rk) . (18)

　　If the simulated ice concentration N ( rk) > 110 , ice ridging or rafting will occur. In this situa2
tion , we set N ( rk) = Nmax = 110 , and have the ice thickness hi ( rk) = �M ( rk) / (ρi Nmax) .

With the above modified PIC method , the sea ice dynamics can be simulated in the first half time

step from t
n

to t
n + 1/ 2

or the second half time step from t
n + 1/ 2

to t
n + 1

. In this method , a Gaussian

kernel function is used to interpolate the ice variables between Lagrangian particles and Eulerian grids.

The thickness and concentration of ice particles are determined with their smooth length and mass den2
sity. With the modified PIC method , the sea ice dynamics could be modeled without numerical diffu2
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sion. Its computational cost is lower than that of the SPH method for its does not have the complex in2
terpolation in the calculation of ice particle interactions.

4. Numerical Simulation of Ice Ridging in A Regular Domain

Under constant wind and current drags , the ice ridging process in a rectangular domain is simulat2
ed for verification of the modified PIC method. The initial ice condition is that ice of thickness t i0 and

concentration N i0 is distributed uniformly over a rectangular region of length L and width B , as shown

in Fig. 3. Under constant wind and current drags , the ice cover will pile up at the downstream end.

The internal ice resistance increases with the ice thickness to balance the wind and current drag forces.

In the steady state , the ice strain rate Ûεij = 0 , and the ice concentration approaches its maximum val2
ue , i . e. Nmax = 1. 0. In this simulation , the gravitational gradient and the Coriolis effect are both ig2
nored.

Fig. 3. Sketch of the initial distribution of sea

ice over the regular region.

With the smooth boundary , the analytical solution for the thickness profile of the static ice ridge

can be obtained as (Shen et al . , 2000) :

t i = t
2
i0 +

2 (ρa Ca V2
a +ρw CwV2

w)

tan2 π
4

+
φ
2

1 -
ρi

ρw
ρi g

x (19)

where t i0 is the single layer ice thickness at the ice edge , and x is the distance from the leading edge

to the ice ridge , where t i = t i0 .

In this numerical test of ice ridging , the initial ice region L ×B = 20 km ×20 km , the initial

thickness t i0 = 0. 2 m , and the initial concentration N0 = 100 %. The current velocity is set at zero ,

the wind velocity is 15 m/ s , and the wind direction is 270°. In the simulation , the time stepΔt = 9.

0 s , the grid sizeΔx ×Δy = 400 m ×400 m , and there are 2 ×2 particles in a cell initially.

The wind and current drags are the main driving forces in the sea ice dynamics , and the drag co2
efficients are the most important in their calculation. The wind and current drag coefficients vary with

different sea ice conditions. Based on the results for different regions and the sea ice characteristics in

the Bohai Sea (Ji et al . , 2003) , we adopt the wind coefficient Ca = 0. 0015 and the current coeffi2
cient Cw = 0. 0045 , respectively. The main parameters are listed in Table 1.
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　　Table 1 Parameters used in the ice ridging simulation

Parameter Value Parameter Value

Ice frictional angle φ= 46° Bulk viscosity ζ0 = 1. 0 ×106 N·s/ m2

Air density ρa = 1. 29 kg/ m3 Shear viscosity η0 = 2. 5 ×105 N·s/ m2

Wind drag coefficient Ca = 0. 0015 Current drag coefficient Cw = 0. 0045

Water density ρw = 1010 kg/ m3 Ice density ρi = 910 kg/ m3

With the modified PIC method , the simulated width2averaged thickness is plotted in Fig. 4. It

can be seen that , under the given wind in the 270°direction , the ice ridging approaches the steady

state in 14 hours , and the mean ice thickness is consistent with the analytical solution. The measured

results for the Bohai Sea show that the level ice thickness is generally smaller than 0. 2 m , and the

rafted ice thickness can be over 0. 4 m. In general , the thickness of the hummocked ice is 1～2 m ,

and its maximum value can be 3～5 m (Wu et al . , 2001) . The ridge height in this sample is 1. 31

m , which is reasonable based on measured data for the Bohai Sea.

Fig. 4. Comparison of simulated result with analytical solution in static ice ridge thickness profile.

For the wind direction of 225°, the simulated ice thickness contour and the ice velocity vector are

shown in Fig. 5. It can be found that , under the wind drag , the ice cover ridges at the downwind cor2
ner of the domain. In 20 hours , the ice ridge approaches a steady state.

5. Simulation of Sea Ice in the Bohai Sea

To examine the validity of the modified PIC method , we simulate the sea ice dynamics of the

Liaodong Bay for 72 hours from 13 :40 , Jan. 22 , 2004 , and compare the results with the satellite re2
mote sensing image and field data. The initial ice thickness and concentration are obtained from the

digital NOAA remote sensing image , and displayed on the first picture in Figs. 6 and 7 , respectively.

The wind velocity measured at Jz2022 platform (121°21′, 40°30′) is used and the wind field in the
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Fig. 5. Distributions of simulated ice velocity and ice thickness.

Liaoding Bay is assumed to be uniform. The tidal current is calculated with 2D shallow water equation

by ADI2FD algorithm. In the simulation , the time step is 600 s , the grid size is 0. 1°×0. 1°, and

there are 5 ×5 particles in one cell initially. The other computational parameters are listed in Table 1.

5. 1 　Simulated Ice Distribution in the Liaodong Bay

The ice thickness contours simulated with the modified PIC method for different times are plotted

in Fig. 6. In this figure , the satellite remote sensing images are also given for comparison with the

simulated results. It can be seen that the modified PIC can simulate the ice dynamics well . The simu2
lated ice concentrations are mostly in the range from 80 % to 100 % , which can be found from Fig. 7.

Within the 72 hours of numerical simulation , the simulated ice edge drifted to the south area under the

north wind action , and the simulated ice concentration was decreased slightly. If the ice thermodynam2
ics is considered in the model , the simulated results should be more reasonable.

5. 2 　Simulated Results for Jz2022 Area of Liaodong Bay

The sea ice parameters for the Jz2022 area of the Liaodong Bay are interpolated from its neighbor2
ing particles with the Gaussian function. The simulated ice thickness and velocity in the 72 hours are
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Fig. 6. Simulated ice thickness contour and satellite remote sensing image at different times.

Fig. 7. Distributions of sea ice concentration simulated at different time steps.

plotted in Fig. 8. The ice information observed on the J Z2022 oil/ gas platform is also plotted in this
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Fig. 8. Simulated and measured ice information for JZ2022 area in 72 hours.

figure. It can be found that the observed ice thickness lies in the range from 9 cm to 13 cm , which is

in agreement with the simulated data. Under the strong tidal current , the ice velocity displays a regular

fluctuation , which can be observed from the simulated data. The simulated velocity is in good agree2
ment with the field measured data.

6. Conclusion

In the numerical simulation of sea ice dynamics , it is very important to develop effective and ac2
curate numerical methods. In this study , a modified particle2in2cell ( PIC) method is developed cou2
pling the Eulerian FD method and Lagrangian SPH model . In this modified PIC method , the Gaussian

kernel function is adopted instead of the bi2linear function , and the mass density and the smooth length

of ice particles are used to determine the particle thickness and concentration. In this way , the numeri2
cal diffusion of the Eulerian FD method can be avoided , and the Gaussian function with perfect conti2
nuity is more precise than the bi2linear function. The ice velocity at the Eulerian grid is simulated with

finite difference method , and the movement of ice is determined under Lagrangian coordinate. The ice

parameters are transferred between the Eulerian gird and Lagrangian ice floe by means of Gaussian in2
terpolation. By use of the modified PIC method , the ice ridging process in a rectangular region and sea

ice dynamics of the Bohai Sea are simulated , and the results are in good agreement with the analytical

solution and observed data. The computation efficiency of the modified PIC is evidently higher than

that of SPH. For instance , in the case of ice ridging , the computation time with the modified PIC is 15
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minutes , while it is 50 minutes with SPH. The reason is that with the modified PIC , the sea ice stress

and motion are calculated based on the Eulerian FD method , thus , the time step is much larger than

that for the SPH calculation under Lagrangian coordinate. Therefore , both the computation efficiency

and precision of the modified PIC method are high in the numerical simulation of sea ice dynamics.
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